Introduction {#Sec1}
============

The end-pumped solid-state laser is a mature design architecture exploited for many scientific, industrial, and medical laser applications, in the tens-of-watts power regime. Cost effective, compact, and relatively efficient, in recent decades their performance has capitalized on improving diode-laser brightness and power. Further power-scaling, however, is fundamentally limited by the thermo-optical properties of the gain medium and the induced optical distortions, primarily driven by the quantum defect between pump and the emission wavelengths. Alternatively, the geometry of the gain medium can be optimized to enhance thermal management and minimize the thermal-lensing effects, such as the thin-disk \[[@CR1]\], fibre \[[@CR2]\], or slab architectures \[[@CR3]\], which have demonstrated multi-kW average powers. Nonetheless, for many applications, the end-pumped bulk architecture still holds an important position for its simplicity and robust performance.

The basic design strategy for these lasers has been to try to mitigate the effects of the induced thermal-lensing and aberrations \[[@CR4]\]. As such, it is important to understand the induced temperature distribution over the active volume of interest, that is, where the cavity mode passes through the excited region of the gain medium. Typically, this involves numerical simulations solving the heat equation with finite-element algorithms, having almost completely replaced analytical solutions due to the complexity of the necessary assumptions made to obtain exact expressions. Analytical solutions, though, are unquestionably important: they highlight qualitative and quantitative features of underlying physical phenomena and provide more accurate solutions in far less time than numerical calculations, particularly if trying to perform parameter-dependence studies. One strict assumption generally made in determining the exact solution for the temperature profile along an end-pumped solid-state laser is that the thermal conductivity of the crystal is not significantly dependent on temperature \[[@CR5]\]. While a reasonable assumption for many active media, operating at and above room temperature (RT), it is generally not valid when cooled to a cryogenic temperature (CT) \[[@CR6]\]. Here, the gradient for the changing thermal conductivity with respect to temperature steepens considerably compared with the same around RT. With this argument in mind, and, therefore, including a temperature dependence for the thermal conductivity in the heat conduction equation, it is possible to exploit integral transforms to reach analytical solutions \[[@CR7]\].

In this paper, we use the Kirchhoff transform \[[@CR8]\] to convert the non-linear heat equation into a solvable linear equation for a cylindrical radially isotropic gain element. Analytical solutions for the temperature distribution along the length of a side-cooled end-pumped rod are presented for different pump distributions that can be used for practical configurations, such as near-diffraction-limited, to fibre-coupled diode-laser, pumps. Furthermore, this result provides novel analytical expressions for the thermal-lens strength associated with the pump-induced accumulated optical phase shift, which converge to well-known equations \[[@CR5]\] when a temperature-independent thermal conductivity is chosen.

The rest of this paper is organized as follows: we start by introducing the model for the thermal conductivity *k*(*T*), which matches with actual measurements and provides simple solutions for the Kirchhoff transform, and its dependence over the two main temperature ranges of practical interest. Utilizing this form for *k*(*T*), the derivation of the exact solutions for the temperature distribution along an end-pumped rod is given. Four different pump distributions are studied to cover commonly used pump sources, and to make direct comparison with previous work; these include the top-hat, Gaussian, generalized *n*th order super-Gaussian, and annular (donut) distributions. At this point, the importance of the heat transfer coefficient, *h*, at the boundary between rod and heat sink, is highlighted. An expression is derived that relates the pumping parameters to a minimum critical value for *h*, below which, the temperature at the center of rod rises rapidly. In the penultimate section, the expressions for the thermal-lens strength, now calculable at any temperature in the CT and well above RT regimes, are derived, and then compared with the two extremes reported in the literature, i.e., top-hat and Gaussian. The solution for the Gaussian pump is derived as a special solution to the generalized SG distribution. Finally, to end the paper, we summarize with conclusions and appendices for detailed workings.

Temperature dependence of thermal conductivity {#Sec2}
==============================================

We focus our attention on the Nd:YAG crystal. Since YAG is a cubic crystal, the thermal conductivity can be considered as a scalar quantity. The dependence on temperature of the thermal conductivity can be modeled by the following formula:$$\documentclass[12pt]{minimal}
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Temperature dependence of thermal conductivity for selected materials {#Sec3}
---------------------------------------------------------------------
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Analytical solution {#Sec4}
===================

The steady-state heat conductance equation, with temperature-dependent thermal conductivity and different end-pumping profiles, governing the system shown in Fig. [2](#Fig2){ref-type="fig"}, is:$$\documentclass[12pt]{minimal}
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Top-hat pumping {#Sec5}
---------------

Although not a typically realistic pump distribution for end-pumped lasers, the top-hat profile is the simplest starting solution, which can be easily compared with the previous literature studies \[[@CR5], [@CR15]\]. Consider the following thermal loading distribution:$$\documentclass[12pt]{minimal}
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The temperature-independent thermal conductivity case can be obtained from Eqs. ([12](#Equ12){ref-type=""}) and ([13](#Equ13){ref-type=""}) setting $\documentclass[12pt]{minimal}
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### Temperature profile for different coolant temperatures {#Sec6}

Maintaining the same thermal load conditions, whilst lowering the temperature of the heat sink surrounding the Nd:YAG crystal, which is an artificial example as the spectroscopic proprieties of the gain medium also change \[[@CR13]\], a decrease in the maximum temperature rise at the center of the crystal is obtained. This is due to the corresponding increase in the thermal conductivity as shown in Fig. [1](#Fig1){ref-type="fig"}. Equations ([12](#Equ12){ref-type=""}) and ([13](#Equ13){ref-type=""}) can be used to have a quantitative measure of this effect. In Fig. [6](#Fig6){ref-type="fig"}, the temperature rise is calculated with the same parameters above and different coolant temperatures.Fig. 6Temperature difference profile for the same thermal load conditions as Fig. [5](#Fig5){ref-type="fig"} but with different coolant temperatures. At $\documentclass[12pt]{minimal}
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Gaussian pumping {#Sec7}
----------------

A more realistic and often used pumping distribution employing a diffraction-limited pump is a Gaussian, which is defined as follows:$$\documentclass[12pt]{minimal}
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                \begin{document}$$T=T_c$$\end{document}$.Fig. 7Comparison between our analytical temperature difference profile in the case of Gaussian pumping and the one published by Innocenzi \[[@CR14]\]

In Fig. [8](#Fig8){ref-type="fig"}, the analytical temperature difference profiles with the same parameters above, but for different coolant temperatures, are again shown.Fig. 8Temperature difference profile for the same thermal load conditions as Fig. [7](#Fig7){ref-type="fig"} but with different coolant temperatures

Generalized *n*th order super-Gaussian {#Sec8}
--------------------------------------

Often in the case of higher power solid-state lasers, fibre-coupled diode-laser pumps are employed. For a substantial part of the pump distribution in the laser rod, the pump can be approximated by a super-Gaussian. The heat source considered is as follows:$$\documentclass[12pt]{minimal}
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Substituting Eq. ([27](#Equ28){ref-type=""}) into Eq. ([6](#Equ6){ref-type=""}), and using the same boundary conditions of the previous section, the temperature profile inside the end-pumped laser rod is found to be:$$\documentclass[12pt]{minimal}
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The center temperature is found to be maximum in the case of $\documentclass[12pt]{minimal}
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However, *T*(0, 0) is not included in the calculation of the thermal dioptric power of the pumped rod, which does follow the expected trend (see Sect. [5](#Sec13){ref-type="sec"}). It will be shown that what matters is the coefficient of the quadratic term in the Taylor expansion of the temperature distribution, whose modulus is maximum in the case of G pumping and decreases in the SG pumping case as *n* increases.
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Donut pumping {#Sec10}
-------------

Finally, a fourth pump distribution that can be exploited to excite higher-order LG cavity modes is a donut shape \[[@CR16]\]. This can be described by the following:$$\documentclass[12pt]{minimal}
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A brief digression on the heat transfer coefficient {#Sec11}
===================================================

The heat transfer coefficient, *h*, and its influence on the temperature distribution in this thermal model deserves a special mention. For the sake of simplicity, we limit our discussion to the pump-input surface, $\documentclass[12pt]{minimal}
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As one can see from these figures and as one would expect, an increasing *h* implies that the maximum temperature rise asymptotes to a minimum constant value. Since this constant value is strictly reached at $\documentclass[12pt]{minimal}
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Dependence of the temperature rise on *h* {#Sec12}
-----------------------------------------

To date, the effect of *h* has only been related to the temperature difference across the boundary layer, since from the temperature-independent thermal conductivity model, the temperature difference between the center of the rod and the boundary does not depend on *h* \[[@CR5]\]. As can be seen from Eqs. ([41](#Equ43){ref-type=""}) and ([13](#Equ13){ref-type=""}), this is no longer true when considering *k*(*T*), as expressed in:$$\documentclass[12pt]{minimal}
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Actually this is quite intuitive when considering *k*(*T*), as *h*, resulting mainly in a different temperature at the boundary of the rod, therefore, changes the thermal conductivity of the rest of the laser crystal.

Analytical expression for the thermal-lens power {#Sec13}
================================================
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Again, this result contracts to the well-known one for the thermal-lens dioptric power generated by a Gaussian-beam end-pumped laser rod in the case of constant thermal conductivity and thermo-optic coefficient ($\documentclass[12pt]{minimal}
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Conclusion {#Sec14}
==========

In this paper, we have drawn on the fact that the thermal conductivity of laser gain media is dependent upon their temperature. Consequently, solving the heat conductance equation, using the Kirchhoff integral transform, analytical expressions were derived for a number of realistic pumping sources, typically used in end-pumped rod-laser configurations. We compare the solutions obtained with exemplars from the literature and show that in the limit of a constant thermal conductivity, there is a natural convergence.

Through the power of having an analytical solution, we show that the temperature rise at the center of the laser rod has a dependence on the thermal impedance of the boundary layer, as is intuitively expected. In contrast with accepted expressions, these solutions predict an additional temperature rise associated with the thermal conductance parameter *h*. With this expression, guidance on the minimum acceptable value for *h* for a set of design parameters can be obtained.

Finally, analytical expressions for the thermal-lens dioptric power are derived in the limit of perfect boundary conditions. Intimately connected with the temperature dependence of the thermal conductivity, in the limit of a constant $\documentclass[12pt]{minimal}
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It is evident that the solutions derived herein, for the typical parameters chosen, demonstrate a higher temperature rise than those obtained with temperature-independent thermal conductivity reported previously. Having analytical expressions that can be used for a range of temperatures provide a powerful set of tools for designing future end-pumped laser systems. This will be especially relevant to laser systems operating at cryogenic temperatures.

Appendices {#Sec15}
==========

Appendix A: Calculation of the temperature distribution in a top-hat end-pumped laser rod {#Sec16}
-----------------------------------------------------------------------------------------

In the case of top-hat pumping and considering the inner region of the laser rod, $\documentclass[12pt]{minimal}
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Appendix B: Analytical calculation of the thermal-lens dioptric power in the case of top-hat pumping {#Sec17}
----------------------------------------------------------------------------------------------------

The integrals in Eq. ([50](#Equ52){ref-type=""}) can be analytically solved with two changes of variable. Here, only the steps used to solve the first one are shown, since the other integral can be solved in exactly the same way.
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For the sake of simplicity, we set the constant of integration *C* of Eq. ([7](#Equ7){ref-type=""}) equal to zero. It is easy to see, for example by Eq. ([81](#Equ83){ref-type=""}), that its value does not contribute to the calculation of the temperature distribution.
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